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ABSTRACT

The flag-major index “fmaj” and the classical length function “¢” are used
to construct two g-analogs of the generating polynomial for the hyperoc-
tahedral group B, by number of positive and negative fixed points (resp.,
pixed points). Specializations of those g-analogs are also derived dealing
with signed derangements and desarrangements, as well as several classical
results that were previously proved for the symmetric group.
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1. Introduction

The statistical study of the hyperoctahedral group B, initiated by Reiner
([Re93a], [Re93b], [Re93c], [Re9ba] and [Re95Db]), has been rejuvenated by Adin
and Roichman [ARO1] with their introduction of the flag-major index, which
was shown [ABRO1] to be equidistributed with the length function. See also
their recent papers on the subject [ABRO05], [ReRo05]. It then appeared nat-
ural to extend the numerous results obtained for the symmetric group &,, to
the group B,,. Furthermore, flag-major index and length function become the
true g-analog makers needed for calculating various multivariable distributions
on B,,.

In the present paper we start with a generating polynomial for B, by a
three-variable statistic involving the number of fixed points (see formula (1.3))
and show that there are two ways of g-analogizing it, by using the flag-major
index on the one hand, and the length function on the other hand. As will be
indicated, the introduction of an extra variable Z makes it possible to specialize
all our results to the symmetric group. Let us first give the necessary notation.

Let B,, be the hyperoctahedral group of all signed permutations of order
n. The elements of B,, may be viewed as words w = x122 - - - T,, where each
x; belongs to {—n,...,—1,1,...,n} and |z1||z2| - |x,| is & permutation of
12...n. The set (resp., the number) of negative letters among the z;’s
is denoted by Negw (resp., negw). A positive fixed point of the signed
permutation w = z1x2-- -z, is a (positive) integer ¢ such that xz; = i. It is
convenient to write 7 := —i for each integer i. Also, when A is a set of integers,
let A:={i:i¢c A}. If »; = i with i positive, we say that 7 is a negative fixed
point of w. The set of all positive (resp., negative) fixed points of w is denoted
by Fix" w (resp., Fix~ w). Notice that Fix~ w C Negw. Also let

(1.1) fix"w:= #Fix"w; fix w:= #Fix" w.

There are 2"n! signed permutations of order n. The symmetric group &,, may
be considered as the subset of all w from B,, such that Negw = §.

The purpose of this paper is to provide two ¢-analogs for the polynomials
B, (Yy,Y1,Z) defined by the identity

exp(u(Yo + Y1Z))
exp(u(1 1 2))

(12) Z Z_TBn(YO’Yl’Z) = (1 *u(l +Z))71 X
n>0
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When Z = 0, the right-hand side becomes (1 — u)~! exp(uYp)/ exp(u), which
is the exponential generating function for the generating polynomials for the
groups &,, by number of fixed points (see [Ri58, Chapter 4]). Also, by identifica-
tion, By, (1,1,1) = 2"n! and it is easy to show (Theorem 1.1) that B, (Y, Y1, Z)
is, in fact, the generating polynomial for the group B, by the three-variable
statistic (fixt, fix~, neg), that is,

(1.3) Bu(Yo.V1,2) = Y v wyfacw guesw,

weBy,

Recall the traditional notations for the g-ascending factorials

1, if n =0;

(a;q)n = o
(1.4) 1-a)(1l—aq)---(1—ag" "), ifn>1.

(a; @)oo = [J (1 = ag");

n>1

for the ¢-multinomial coefficients
(15) LA pp— L) (i + -+ my, = n);

mayeomi] (@G Qm (@ Dmy
and for the two g-exponentials (see [GaRa90, Chapter 1])
(NPT R S YRS <

' ! Z@on (woe = (G0 e

Our two g-analogs, denoted by ‘B, (q, Yo, Y1, Z) and B, (q, Yo, Y1, Z), are re-
spectively defined by the identities:

Y ( “

= (—Z¢:0)n (4:9)n

(1 _u )_1 (1 @)oo (Z (*qY()ilYlZE‘])n (UYO)n);

n

‘Bn(q,Y0,Y1,2) =

n

u
(18) ZWBn(qaybaYlaZ):
n>0 ) n

1+gZ\1  (we*) (—ug¥1Z;6°)oo
(1 —u 5 ) X 5 5 .
l1—q (uY0;0%)oc (—uqZ;6%)o0
Those two identities can be shown to yield (1.2) when ¢ = 1.
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There is also a graded form of (1.8) in the sense that an extra variable ¢ can
be added to form a new polynomial B, (t, q, Yo, Y1, Z) with nonnegative integral
coefficients that specializes into B, (q, Yo,Y1,Z) for t = 1. Those polynomials
are defined by the identity

n

U
(1.9) n;)(l +t)Bn(t,q7Y07Y1,Z)m =
3o (1 _ uz A Odd)> o
5>0 i=0

(w6%) s/2)+1  (—uqY1Z: %) |(s11) /2]
(uY0;4%) 15241 (—uaZ;62) |(s11)2)
where for each statement A we let x(A) = 1 or 0 depending on whether A is true
or not. The importance of identity (1.9) lies in its numerous specializations, as
can be seen in Figure 1.

Now that the two g-extensions ‘B, (q, Yo, Y1,Z) and B,(t,q,Ys,Y1,Z) are
defined, the program is to derive appropriate combinatorial interpretations for
them. Before doing so, we need to have a second combinatorial interpretation
for the polynomial B,,(Yy, Y1, Z) besides the one mentioned in (1.3). Let w =
T1xo - T, be a word, all letters of which are integers without any repetitions.
Say that w is a desarrangement if 1 > x5 > -+ > xor and xop < Tog41
for some £ > 1. By convention, z,41 = co. We could also say that the
leftmost trough of w occurs at an even position. This notion was introduced
by Désarménien [De84] and elegantly used in a subsequent paper [DeWaS88].
Notice that there is no one-letter desarrangement. By convention, the empty
word e is also a desarrangement.

Now let w = z129 -z, be a signed permutation. Unless w is increasing,
there is always a nonempty right factor of w which is a desarrangement. Then,
it makes sense to define w? as the longest such a right factor. Hence, w admits
a unique factorization w = w™wtTw?, called its pixed' factorization, where
w™ and w™ are both increasing, the letters of w™ being negative, those of w™
positive and where w? is the longest right factor of w which is a desarrangement.

For example, the pixed factorizations of the following signed permutations
are materialized by vertical bars: w = 52 | e | 341; w =5 | e | 2314;
w=532|14|e;w=53]1|42;,w=>53|e|412.

1 “Pix,” of course, must not be taken here for the abbreviated form of “pictures.”
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Let w = w™wTw? be the pixed factorization of w = z1xg - - - Tp. If

W =Ty Tk, wt = Tk41 " TE+1,

define Pix™ w := {x1,..., 2}, Pixt w := {@p11,..., 20}, pix~ w := # Pix~ w,
pix T w := # Pix" w.

THEOREM 1.1: The polynomial B, (Yy,Y1,Z) defined by (1.2) admits the fol-
lowing two combinatorial interpretations:
BV, i, 2) = 3 Yy g 2 3y g guese
weB, weB,

Theorem 1.1 is proved in Section 2. A bijection ¢ of B, onto itself will be
constructed that satisfies (Fix ™, Fix", Neg) w = (Pix ™, Pix", Neg) ¢(w).

Let “¢” be the length function of B,, (see [Bo68, p. 7], [Hu90, p. 12] or the
working definition given in (3.1)). As seen in Theorem 1.2, “¢” is to be added
to the three-variable statistic (pix™, pix ™, neg) (and not to (fix™, fix ", neg)) for
deriving the combinatorial interpretation of ‘B, (q, Yy, Y1, Z). This theorem is
proved in Section 3.

THEOREM 1.2: For each n > 0 let ‘B, (q,Yy,Y1,Z) be the polynomial defined
in (1.7). Then

(1.10) Bulq,Yo,Y1,2) = 3 ¢/ ypi v yphe w gnesw,
weB,,

The variables ¢t and g which are added to interpret our second extension
B, (t,q,Y,Y1,Z) will carry the flag-descent number “fdes” and the flag-major
index “fmaj.” For each signed permutation w = x1zs - - - z,, the usual number
of descents “des” is defined by desw := 2?2—11 x(x; > ;41), the major index
“maj” by majw := Z?:_ll ix(x; > xit1), the flag descent number “fdes” and
the flag-major index “fmaj” by

(1.11) fdesw := 2desw + x(x1 < 0); fmajw :=2majw + negw.
THEOREM 1.3: For each n > 0 let B,(t,q, Yo, Y1, Z) be the polynomial defined
in (1.9). Then

(1-12) Bn(t, q, Yb7 le, Z) — Z tfdesw quajw Ybﬁx+ w Ylﬁx7 w pnegw.
wEB,

Theorem 1.3 is proved in Section 5 after discussing the combinatorics of the
so-called weighted signed permutations in Section 4. Section 6 deals with
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numerous specializations of Theorems 1.2 and 1.3 obtained by taking numerical
values, essentially 0 or 1, for certain variables. Those specializations are illus-
trated by Figure 1. When Z = 0, the statistic “neg” plays no role and the signed
permutations become plain permutations; the second column of the diagram is
then mapped on the third one that only involves generating polynomials for &,
or subsets of that group.

(fmaj,fix " ,neg) neg mayj
DT? Df(q)Y17Z) DTL(q) Dn
fdes fdes
Df(t q, Yl; Z) L D”l(t’ q)
fixt fixt
Bn(ta q, Y07 Yl; Z) & An(t7 q, YO)
fdes des
neg
Bn(qa YO; Yl; Z) <~ An(qa YO)
fmaj maj
fix T, fix~ ,neg) neg fixt
B, Bn(Yo,Y1,Z) <——— A,(Yo) =— 6,
(PixJr ,Pix™ ,neg) pixJr
14 inv
neg .
eBn(Qa YO; Yla Z) I van (qa YO)
pix+ pixJr
neg . inv
K7 — ‘K (a1, Z) MK (q) < Kn
(¢,pix~ ,neg) imaj
Figure 1

The first (resp., fourth) column refers to specific subsets of B, (resp., of &,):
D, :={w € B, : Fix" w = Negw = 0};

K, :={w € B, : Pix" w = Negw = 0};
DB .= {we B, : FixTw = 0};

KB :={we€ B, : Pix" w=0}.

(1.13)
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The elements of D, are the classical derangements and provide the most
natural combinatorial interpretations of the derangement numbers d,, = D,
(see [CoT0, pp. 9-12]). By analogy, the elements of DZ are called signed
derangements. They have been studied by Chow [Ch06] in a recent note.
The elements of K,, (resp. of K2) are called desarrangements (resp., signed
desarrangements) of order n. When Y, = 0, the statistic fix" (resp., pix ™)
plays no role. We can then calculate generating functions for signed and for
plain derangements (resp., desarrangements), as shown in the first two rows
(resp., last row). The initial polynomial, together with its two g-analogs are
reproduced in boldface.

2. Proof of Theorem 1.1

As can be found in ([Co70, pp. 9-12]), the generating function for the derange-
ment numbers d,, (n > 0) is given by

um R
(2.1) Zd”ﬁ =(1—u)te ™

n>0
An easy calculation then shows that the polynomials B, (Y, Y1, Z), introduced
in (1.2), can also be defined by the identity

(2.2) B, (Yo, V1, 2) = Z (Z - l) YiY! Z3F dpyy (n>0).
itjthti=n NI

For each signed permutation w = 1z - - -, let A := Fixt w, B := Fix~ w,
C :=Negw \ Fix_w, D := [n]\ (AUBUC). Then (A, B,C, D) is a sequence
of disjoint subsets of integers, whose union is the interval [n] := {1,2,...,n}.
Also the mapping 7 defined by 7(j) = z; if j € C and 7(j) = z; if j € D is
a derangement of the set C'+ D. Hence, w is completely characterized by
the sequence (A, B,C, D, 7). The generating polynomial for B, by the statistic
(fixt, fix ", neg) is then equal to the right-hand side of (2.2). This proves the
first identity of Theorem 1.1.

Each signed permutation w = x5 - - - &, can be characterized, either by the
four-term sequence (Fix+ w, Fix™ w, Neg w, 7), as just described, or by (Pix+ w,
Pix~ w, Negw,w?), where w? is the desarrangement occurring as the third
factor in its pixed factorization. To construct a bijection ¢ of B, onto B,
such that (fix ™, fix", neg) w = (pix~, pix ", neg) ¢(w) and accordingly prove the
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second identity of Theorem 1.1, we only need a bijection 7 — f(7), that maps
each derangement 7 onto a desarrangement f(7) by rearranging the letters
of 7. But such a bijection already exists. It is due to Désarménien (op. cit.).
We describe it by means of an example.

Start with a derangement 7 = (§2343$789) and express it as a product

of its disjoint cycles: 7 = (19)(276)(34)(58). In each cycle, write the minimum
in the second position: 7 = (91)(627)(43)(85). Then, reorder the cycles in such
a way that the sequence of those minima, when reading from left to right, is
decreasing: 7 = (85)(43)(627)(91). The desarrangement f(7) is derived from
the latter expression by removing the parentheses: f(7) = 854362791.

Let (Fix+ w, Fix™ w,Negw, 7) be the sequence associated with the signed
permutation w and let v~ (resp., v") be the increasing sequence of the ele-
mentsof Fix™ w (resp., of Fix" w). Then, v~ | v™ | f(7) is the pixed factoriza-
tion of v~ vT f(7) and we may define ¢(w) by

(2.3) d(w) = v vt f(71).

This defines a bijection of B,, onto itself, which has the further property:

(2.4) (Fix ™, Fix", Neg)w = (Pix ™, Pix", Neg)p(w).

Fgr i_nstance, with w = (é%gig%;%?) we have vt = 45, v~ = 2, 7 =
(13878 3)_: (97)(8613) and f(7) = 38613 Hence, the pixed factorization of
d(w) reads 2 | 45 | 978613 and ¢(w) = 245978613.

3. Proof of Theorem 1.2

The length function “¢” for B, is expressed in many ways. We shall use the
following expression derived by Brenti [Br94]. Let w = zyx2 - - - &, be a signed
permutation; its length ¢(w) is defined by

(3.1) U(w) = invw+Z|:ri|X(:ri <0),

«

where “inv” designates the usual number of inversions for words:
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invw := Z x(xi > zj).

1<i<j<n

The generating polynomial for K, (as defined in (1.13)) by “inv” (resp., for D,
by “maj”) is denoted byK,(q) := ™ K,(q) (resp., D,(q)). As was proved in
[DeWa93] we have:

(32) Kn(‘]) = Dn(Q)
Also
(33) > D) = (1= 1) x (.

n>0

as shown by Wachs [Wa90] in an equivalent form. Another expression for D, (q)
will be derived in Proposition 6.2.

If A is a finite set of positive integers, let tot A denote the sum > a (a € A).
For the proof of Theorem 1.2 we make use of the following classical result,
namely, that ¢/v(V+1)/2 [}Hq is equal to the sum > ¢'"*4, where the sum is
over all subsets A of cardinality N of the set [n]. Remember that each signed
permutation w = 12 ...z, is characterized by a sequence (4, B,C, D, ),
where A = Pix" w, B = Pix~ w, C = Negw\ B, D = [n]\ (AUBUC) and 7 is
a desarrangement of the set C' + D. Let inv(B, C) be the number of pairs of
integers (i, j) such that i € B, j € C and i > j. As inv(B,C) = inv(C, B), we
have invw = inv(B, C) + inv(A, D) + #A x #C + inv7. From (3.1) it follows
that

l(w) =invw + Z | ;]

x;<0
= invw + tot B + tot C

=tot B + tot C + inv(C, B) + inv(A, D) + #A x #C +inv .

Denote the right-hand side of (1.10) by G,, := G, (g, Yo, Y1, Z). We will calculate
Gn(q,Y0,Y1,Z) by first summing over all sequences (A, B,C, D, ) such that
#A =1, #B = j, #C =k, #D = l. Accordingly, 7 is a desarrangement of a
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set of cardinality k 4 [. We may write:

Q. — Z Z tot B4-tot C+inv(C,B)+inv(A,D)+i-k
n — q
i+j+k+l=n (A,B,C,D)
iy J r7i+k invT
X YgY{ zitk N g
TEK}H,Z

Z Z Z Z qtot E+inv(C,B)+inv(A,D)+i-k

m+p=n j+k=m #E=m C4B=F
i+l=p F=[n|\E A+D=F

x Yy(V1Z)? Z* Dy 14 (q)

S Y YinzY (2 Drsala)

m+p=n j+k=m
Z qtot E Z qinv(6,§)+inv(A,D)

i+l=p
#E=m C+B=E,
F=[n]\E A+D=F

> YM2Y(Ze) Dinl)

m+p=n j+k=m
> qm(m+1)/2 |:”:| |:? Lk:| |:]:l:| )
mj, L, k], L,

i+l=p

Thus

n itk 5 ;
B4)  Gu= Y { _M} "Y1 2) (24" D (a).
itjthri=n I g

Now form the factorial generating function

u™
Ga.Yo Vi, Ziw) ==Y~ G(q, Yo, Y1, 2).
n>0 (7Zq, Q)n(q, Q)n

It follows from (3.4) that

1 irtry (uYp)® (uY12)7
G((LYOaYlaZ;u):Z% Z q( 2 ) - —
n>0 (_Zq’ q)n i+j+k+i=n (q7 q)l (q7 q)j

(@ )r(gah
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But (j+’;+1) =+ G+ Dk+ ( ). Hence

. B J+1 (UYlZ)
G(q,YVmYVlaZJJ’)_g Zq, Z Z ; )zm

nm 0i+j=m

un—’m n—m P
X Dn—m(q) |: :| (qu+1)kq(2)_
(¢ @)n—m kH;_m ko,
Now
—7 m+1, — n—m A m+1\k (g)
2= X "] @)
k+l=n—m q
and
(_Zq;q)n = (—ZQ;Q)m(—quH;Q)n—m-
Hence
= (uYo)" (i+1y (uY1Z)7
G(q, Yo, Y1, Z;u) = ZZ 0 (2 22
n>0m= O Zq’ m i+j=m (q7q)l (q’q)j
unfm
X Dy —m(q
(¢ Dn-m (@
a u'fL un
(e ) (Z 00,
(nzo (—Z¢; @)n(a; q)n> <n20 (43 O)n
with

n i (2 ; " n _ g
S L ] ViaWavizy =vg 37 L } (gY5 12)1q()
i+j=n 1] q i+j=n yJ q

= Ybn(_qYO_lylz; q)n-

By taking (3.3) into account this shows that G(q, Yo, Y1, Z;u) is equal to the
right-hand side of (1.7) and then G, (q,Ys,Y1,Z) = *B,(q, Yo, Y1, Z) holds for
every n > 0. The proof of Theorem 1.2 is completed. By (3.4) we also conclude
that the identity

(35) ‘Bu(q,Yo,V1,2) = Y {

n i+k41 . . .
} Y ZY (24 Diya(q)
i+j+k+l=n

i)j7kj7l q

is equivalent to (1.7). As its right-hand side tends to the right-hand side of (2.2)
when ¢ — 1, we can then assert that (1.7) specializes into (1.2) for ¢ = 1.
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4. Weighted signed permutations

We use the following notations: if ¢ = cico--- ¢, is a word, whose letters are
nonnegative integers, let A(c) := n be the length of ¢, totc:=c1 +co+- -+ ¢,
the sum of its letters and odd ¢ the number of its odd letters. Furthermore,
NIW,, (resp., NIW,,(s)) designates the set of all nonincreasing words of length n,
whose letters are nonnegative integers (resp. nonnegative integers at most equal
to s). Also let NIW: (s) (resp., DW¢(s)) be the subset of NIW,(s) of the
nonincreasing (resp., strictly decreasing) words all letters of which are even
(resp., odd).

Next, each pair (

c

w) is called a weighted signed permutation of order n if

the four properties (wspl)—(wsp4) hold:

(wspl) cis a word cico - - ¢ from NIW

(wsp2) w is a signed permutation zqxg - - -, from By,;

(wsp3) ¢k = cpr1 = xp < xpqq forallk=1,2,...,n—1;

(wsp4) xy is positive (resp. negative) whenever ¢y, is even (resp., odd).

When w has no fixed points, either negative or positive, we say that (ch)
is a weighted signed derangement. The set of weighted signed permuta-
tions (resp., derangements) (fu) = (;11;;;:;) of order n is denoted by WSP,,
(resp., by WSD,,). The subset of all those weighted signed permutations (resp.
derangements) such thatc; < s is denoted by WSP,,(s) (resp., by WSD,(s)).

For example, the following pair
7 4 4 4 3 2 2 1
4 |38 9 | 10| 12 13 | 11

is a weighted signed permutation of order 13. It has four positive fixed points
(1, 2, 8, 9) and two negative fixed points(5, 10).

ProrposiTIiON 4.1: With each weighted signed permutation ( ) from the set

C
w

WSP,,(s) can be associated a unique sequence (i, j, k, (,g,),ve, v°) such that

(1) i, j, k are nonnegative integers of sum n;

(2) (¢,) is a weighted signed derangement from the set WSD;(s);
(3)
(4)

4

is a nonincreasing word with even letters from the set NIW;(S),‘

(i
w/
,Ue
v° is a decreasing word with odd letters from the set DWZ(s);
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having the following properties:

(4.1) tot ¢ = tot ¢’ + tot v° + tot v°; negw = negw’ + A(v°);
fixt w = \(v°); fix™ w = A(v°).

’
C
w’

The bijection () — ((
requires some attention. To get the latter three-term sequence from (5)) proceed

),ve, v°) is quite natural to define. Only its reverse

as follows:

(a) let ly,... , lo (rvesp., mi,...,mg) be the increasing sequence of the
integers l; (resp. m;) such that z;, (resp., x,,,) is a positive (resp.,
negative) fixed point of w;

(b) define: v® := ¢y, - ¢, and v° = Cpy - Cgs

(¢) remove all the columns (;’lll), ce (:llz), (::11), ey (::ﬁ;) from (3}) and
let ¢’ be the nonincreasing word derived from c after the removal;

(d) once the letters xy,,..., &, Tmy, .- - , Tm; have been removed from the
signed permutation w the remaining ones form a signed permutation of
a subset A of [n], of cardinality n — o — 3. Using the unique increasing
bijection ¢ of A onto the interval [n — a — (] replace each remaining
letter x; by é(x;) if ; > 0 or by —¢(—x;) if x; < 0. Let w’ be the
signed derangement of order n — a — 8 thereby obtained.

For instance, with the above weighted signed permutation we have: v® =
10,10,4,4 and v° = 7,3. After removing the fixed point columns we obtain:

3] 46] 7] 1112] 13 , 1| 23] 4] 56| 7
9| 77| 4] 2 2| 1 andthen(;)z 9| 77| 4| 22| 1
761 3| 1213] 11 1]32|1]|67|5

There is no difficulty verifying that the properties listed in (4.1) hold. For
reconstructing (5}) from the sequence ((,Z/,),ve,vo) consider the nonincreasing
rearrangement of the juxtaposition product v°v° in the form b}f1 <o blm | where
by > -+ > by and h; > 1 (resp., h; = 1) if b; is even (resp., odd). The pair (,5),,)
being decomposed into matrix blocks, as shown in the example, each letter b;
indicates where the h; fixed point columns are to be inserted. We do not give

more details and simply illustrate the construction with the running example.
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With the previous example b - - - bl = 102 7 42 3. First, implement 10?:

1 2 3 4 5 6 78 9
10 10 9 7T 4 2 2 1];
12 6 | 54| 3|89 |7
then 7:
1 2 3 4 5 6 7 8 9 10
10 10 9 TT T 4 2 2 1]
1 2 716 5 4 ]3] 9 10 8
notice that because of condition (wsp3) the letter 7 is to be inserted in second

position in the third block; then insert 42:

1 2 | 3|45 6 7 8 9 10 11 12
10 10 | 9 | 7 7 7 4 4 4 2 2 1
1 2 | 716 5 4 3 8 9 11 12 | 10

The implementation of 3 gives back the original weighted signed permuta-
tion (E))
5. Proof of Theorem 1.3

It is g-routine (see, e.g., [An76, chap. 3]) to prove the following identities,
where v; is the first letter of v:

1 N—i—n—l} n [N—i—n} tot v
= u'; = Y
— z[ . NP

n>0 vENIW,, (N)
totv __ 1 totv, vi.
v u" q T—u g ut
n>0 vENIW,, (N) vENIW,,

(51) (7 — Zu Z qtotue;

Ls/2)+1 n>0  veeNIWE (s)
(5.2) (—ug; @) (s1y2) = D _u" Y ¢
n>0 v°€DWY (s)

The last two formulas and Proposition 4.1 are now used to calculate the gen-
erating function for the weighted signed permutations. The symbols NTW*®(s),
DW?(s), WSP(s),WSD(s) designate the unions for n > 0 of the corresponding
symbols with an n-subscript.



Vol. 163, 2008 FIXED AND PIXED POINTS 231

PROPOSITION 5.2: The following identity holds:

(5.3)
Z u” Z qtot CYOﬁer wY1ﬁX7 w negw
nz0 (2)eWSP,(s)

_ (u;q2)Ls/2J+1 (— qu1Zq L(s+1)/2] Zu Z giote znesw.

Yo, 2 —ugZ
(Y05 6%) s/2)41 (—uqZ;G2)|(s+1)/2) 0 (2)ewsPas)

Proof. First, summing over (w® w?, (£)) € NIW®(s) x DW°(s) x WSP(s), we
have
(5.4)
Z u/\(we)qtotwe « (uz))\(w")qtot w® u/\(c)qtot cYOﬁx+ wylﬁx* w negw
e (2)
(—uqZ;¢) | (s41)/2)

_ A(e) ot ey Afixt wy fix™ w rnegw
= X u™M ¢ Y, Y, Z
(45 G%) s/2) +1 % 0 !

by (5.1) and (5.2). Now, Proposition 4.1 implies that the initial expression can

also be summed over five-term sequences ((5,)71)67@0, w®, w®) from WSD(s) x
NIW®(s) x DW°(s) x NIW®(s) x DW°(s) in the form

Z u/\(c’)qtot C'Znegw (’LLYO) A(v ) tot v° (uylz)A(vo)qtot v°
(1(;,/)’7167,00’“]67“)0
> u)\(we)qtot w® ~ (uZ))\(wo)qtot w®
_ Z (UYO)/\(ve)qtot v© « (uylz))\(vo)qtot v° « Z u/\(c’)qtot C'Zneg w’
ve,V° (i’/)’we’wo

uk(we)qtotwe % (uz)k(wo)qtotwo-

The first summation can be evaluated by (5.1) and (5.2), while by Proposition
4.1 again the second sum can be expressed as a sum over weighted signed
permutations (fu) € WSP(s). Therefore, the initial sum is also equal to

(55) (7qu12'q )L(5+1)/2J Z u/\(c)qtot cmegw.

Y05 6%) s
(uY0;?) |s/2)+1 (s ewsP()

Identity (5.3) follows by equating (5.4) with (5.5). n
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PROPOSITION 5.3: The following identity holds:

s . -1
(56) Z u™ Z qtot ¢ negw _ (1 —u Z inX(z odd)) -
1=0

n>0 (£)EWSP,(s)
Proof. For proving the equivalent identity

S

(57) Z qtot cnegw _ (Z inX(i odd)) (’I’L > O)

(£)eEWSP,(s) i=0

it suffices to construct a bijection ($) +— d of WSP,(s) onto {0,1,...,s}"
such that tot ¢ = totd and negw = oddd. This bijection is one of the main
ingredients of the MacMahon Verfahren for signed permutations that has
been fully described in [FoHa05, §4]. We simply recall the construction of the
bijection by means of an example. Start with (5}) = (110 % % ‘21 g g ?; é %) Then,
form the two-matrix (1?$7442211), where the negative integers on the
bottom row have been replaced by their opposite values. Next, rearrange its
columns in such a way that the bottom row is precisely 12...n. The word d is
defined to be the top row in the resulting matrix. Here (%) = (1947942121).
As d is a rearrangement of ¢, we have totc = totd and negw = oddd. For
reconstructing the pair (3)) from d = dyds---d, simply make a full use of
condition (wsp3).

Using the properties of this bijection we have:

totc ynegw _ totd yoddd _ - d; X(di odd)
dYooodetezrer = Y0 grizedtd= Y [[e"2

(2)eWSP,(s) def{0,1,...,s}n de{0,1,...,s}" i=1

ﬁ Z qd,-, Zx(di odd)

i=1d;€{0,1,...,s}

_ (iq’ZW Odd))n. "

=0

PROPOSITION 5.4: Let Gy, := G, (t,q,Yo,Y1,Z) denote the right-hand side of
(1.12) in the statement of Theorem 1.3. Then

1 +t + -
58 Gn — § 8 § qtot cyﬁx wyﬁx w negw.
58) (1?3 ¢%)nt1 0 !
520 (;)GWSPTL(S)
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Proof. A very similar calculation has been made in the proof of Theorem 4.1 in
[FoHa05]. We also make use of the identities on the g-ascending factorials that
were recalled in the beginning of this section. First,

1+t or' | oria1y [T n+ |r/2]
— ﬁ’! t’l t’!
S S Ta eI v e
= r>0 q
:Ztr Z q2totb.

720 peNIW,, (|r/2))

Then,

1+t n _ Zt’r Z q2t0tb Z tfdebw fmaj wyﬁx wyﬁx w negw

2.
(t 16741 r>0  bENIWp, wEBy,
2b1 <7

_ Z 45 Z q2 tot b4+fmaj wYOﬁx+ wylﬁx* w pnegw
s20 e

As proved in [FoHa05, §4] to each (¢) = (E;Z) € WSP,(s) there corresponds
a unique b = by - - - b, € NIW,, such that 2b; +fdesw = ¢; and 2tot b+fmajw =
tot ¢. Moreover, the mapping (5}) — (b, w) is a bijection of WSP,,(s) onto the set
of all pairs (b, w) such that b =b; --- b, € NIW,, and w € B,, with the property
that 2b; + fdesw < s. The word b is determined as follows: write the signed
permutation w as a linear word w = x1%2 ... %, and for each k =1,2,...,n let
zr, be the number of descents (z; > x;41) in the right factor xxxg41 -+ - 2, and
let €x be equal to 0 or 1 depending on whether xj, is positive or negative. Also
for each k = 1,2,...,n define ay, := (cx — €x)/2, b := (ax — zx) and form the
word b = by - - - b,. For example,

Id 1 23 45 6 78 9 10
c =9 7 7 4 4 4 2 2 1 1
w =432 1568 9 10 7
z =111 11111 0 O
e =1 1100000 1 1
e =43 3 2 2 2 11 0 0
b 32211100 0 O

Pursuing the above calculation we get (5.8). |
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We can complete the proof of Theorem 1.3:

un

(tQ; q2)n+1

— Z 5 Z u™ Z qtot (;Ybﬁx+ wylﬁX7 w negw [by (58)]

520 n>0 (C)ewspn(s)

Z(1+t)Gn (ta q, YO; Yla Z)
n>0

_Z [s/2j+1 (—uqY1Z;¢?) | (s41)/2)
= UYo,q Ls/2)+1 (—uqZ;G%) | (s41)/2)

« Z u™ Z qtot ¢ negw [by (53)]

20 (C)EWSP,(s)

_ Z " (1 B “i inx(i odd)) ~1

5>0 i=0

(w;¢%)s/2)41 (—ugY1Z: %) |(s11) 2]
(uY0;42) 1s/2)+1 (—uqZ; %) |(s41)/2)

[by (5.6)].

Hence, Gy, (t,q,Y0,Y1,Z) = B, (t,q,Y0,Y1,Z) for all n > 0. ]

6. Specializations

For deriving the specializations of the polynomials eBn(q,YO,Yl, Z) and
B, (t,q,Y0,Y1,Z) with their combinatorial interpretations we refer to the
diagram displayed in Figure 1. Those two polynomials are now regarded as
generating polynomials for B,, by the multivariable statistics (¢, pixt, pix ™, neg)
and (fdes, fmaj, fix", fix ", neg), their factorial generating functions being given
by (1.7) and (1.9), respectively.

First, identity (1.8) is deduced from (1.9) by the traditional token that
consists of multiplying (1.9) by (1 — ¢) and making ¢ = 1. Accordingly,
By (g, Y0, Y1, Z) occurring in (1.8) is the generating polynomial for the group B,
by the statistic (fmaj, fix™, fix”~, neg).

Now, let

u
(6.1) B(q,Y0, Y1, Z;u) == Z @
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The involution of B,, defined by w = z1z2 -z, — W := T1T2 - - - Tp, has the
following properties:

(6.2) fmajw + fmajw = n?; negw + negw = n;
(6.3) fix" w = fix” w; fix~ w = fixT w.

Consequently, the duality between positive and negative fixed points must be
reflected in the expression of B(q, Yy, Y1, Z;u) itself, as shown next.

PROPOSITION 6.1: We have:
(64) B(qa YO; Yl; Zﬂ u) = B(qila Yla YO; Zil; 7uq71Z)'

Proof. The combinatorial proof consists of using the relations written in (6.2),
(6.3) and easily derive the identity

(6.5) Bi(q,Y0,Y1,Z) = ¢" Z"Ba(qg~ '\ Y1, Y0, Z 7).

With this new expression for the generating polynomial identity (6.1) becomes

—u —1Z n
B(q,Y(),Yl,Z;U):Z( d )

~—— L B¢, Y, 27
2. ,.,—92 ’ ’ ’ )
=@

which implies (6.4). The analytical proof consists of showing that the righthand
side of identity (1.8) is invariant under the transformation

(q;Y07§/17Z5 ’LL) = (q_17§/1)Y05 Z_17 _uq—lz)-

The factor 1 —u(1+¢Z)/(1 — ¢?) is clearly invariant. As for the other two fac-
tors it suffices to expand them by means of the ¢g-binomial theorem ([GaRa90],
p. 7) and observe that they are simply permuted when the transformation is
applied. |

The polynomial DE(t,q,Y1,Z) := B,(t,q,0,Y1,Z) (vesp., DE(q, Y1, 2)
:= B,(q,0,Y1,7)) is the generating polynomial for the set DZ of the signed
derangements by the statistic (fdes,fmaj, fix ™, neg) (resp., (fmaj, fix , neg)).
Their factorial generating functions are obtained by letting Yy = 0 in (1.9) and
(1.8), respectively.

Let Yo =0, Y1 =1 in (1.8). We then obtain the factorial generating function
for the polynomials DB(q, Z) := 3 ¢™aiwzneew (yw € DB) in the form

u™ B 1+qgZ\—1 9
(66) E (qg_qg) Dn(%Z):(l*ul_qg) X(U,Q)oo
n>0 ) n
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It is worth writing the equivalent forms of that identity:

(4% ¢%)n n_ N[ .
m(lﬂﬂ) _;;)[’“]quE(%Z) (n >0);

(6.7)

n

69 DP@2 =Y [1] (oo B gzt o)
k=0 a?

6.9) DP(q,Z)=1, andforn>0

2n—+2
—4q n n(n
DFi(g,2) = (1+ qZ)quDf(q, Z)+ (=) Hgnty.

(6.10) DP(q,Z)=1, DP(q,Z2)=Zq, andforn>1
1*(]2” 17q2n+2

D0 2) = (= + 02125 ) DR 4, 2)
ml—d®" B

+ (1+qZ)q " 1 _q2 Dn—l(qaZ)'

Note that (6.8) is derived from (6.6) by taking the coefficients of ©™ on both
sides. Next, multiply both sides of (6.6) by the second ¢*-exponential E,2(—u)
and look for the coefficients of 4™ on both sides. This yields (6.7). Now, write
(6.6) in the form

1492 u” B
. 2(—u) = (1— Y DB,z
(6.11) B, (—u) (1 ul_qQ)go(qQ;qQ)n 2, 2)

and take the coefficients of u™ on both sides. This yields (6.9). Finally, (6.10)
is a simple consequence of (6.9).

When Z = 1, formulas (6.6), (6.8), (6.9) have been proved by Chow [Ch06]
with DE(q) = >, ¢™*% (w € DB). Now the polynomial KP(q,Y1,2) :=
“B,(q,0,Y71, Z) is the generating polynomial for the set KP of the signed de-
sarrangements by the statistic (¢, pix~,neg). From (1.7) we get

n

U B _
612) 3, (=Z¢:0)n(¢: Q)n K(a1,2)

> (llﬁq)_lx(u;q)m<z(q("f)(ﬂ).

=0 (2 0)n(g:9)n

When the variable Z is given the zero value, the polynomials in the second
column of Fig. 1 are mapped on generating polynomials for the symmet-
ric group, listed in the third column. Also the variable Y; vanishes. Let
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An(t,q,Y0) == Bn(t'/?,¢"/2,Y0,0,0). Then
(6.13) An(t,q,Yo) = Y t98ogmaoyfixo (fix = fixT).
ceS,

Identity (1.9) specializes into

s U q s+1
(6.14) ;OA (t, q,YO ;)ﬁ (1 uz ) ORTS
an identity derived by Gessel and Reutenauer ([GeRe93, Theorem 8.4]) by
means of a quasi-symmetric function technique. Note that they wrote their
formula for “1 + des” and not for “des”.
Multiply (6.14) by (1 —t) and let ¢ := 1, or let Z := 0 and ¢* be replaced
by ¢ in (1.8). Also, let A,(q,Yp) := >, ¢m¥ Y7 (o € &,,); we get

a3 = (1= 72) 7 R

n

(6.15) 3y (“—

= (@:0)n

an identity derived by Gessel and Reutenauer [GeRe93] and also by Clarke et
al. [C1HaZe97] by means of a ¢-Seidel matrix approach.

We do not write the specialization of (6.14) when Yy := 0 to obtain the
generating function for the polynomials D, (¢, q) := ZUGD tdesogmajo - Ag for
the polynomial D, (q) := de D, g™ it has several analytical expressions,
which can all be derived from (6.7)-(6.10) by letting Z := 0 and ¢* being
replaced by g. We only write the identity which corresponds to (6.7)

(6.16) Do(q) =1 and (5_7)’)1 = é [ZLDk(q) for n > 1,

which is then equivalent to the identity

n

617 o) o) = (1- 1)

n>0

The specialization of (6.8) for Z := 0 and ¢? replaced by ¢ was originally
proved by Wachs [Wa98] and again recently by Chen and Xu [ChXu06]. Those
two authors make use of the now classical MacMahon Verfahren, that has been
exploited in several papers and further extended to the case of signed permuta-
tion, as described in our previous paper [FoHa05].

In the next proposition we show that D, (q) can be expressed as a polyno-
mial in ¢ with positive integral coefficients. In the same manner, the usual
derangement number d,, is an explicit sum of positive integers. To the best of
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the authors’ knowledge those formulas have not appeared elsewhere. In (6.19)
we make use of the traditional notation for the ascending factorial: (a), =1
ifn=0and (a), =ala+1)---(a+n—-1)ifn > 1.

PRrOPOSITION 6.2: The following expressions hold:

618)  Dil)= Y

2<2k<n—1

(6.19) dn= Y (2k)(2k+2)n_2k-1 + x(n even).

2<2k<n—1
Proof. When ¢ = 1, then (6.18) is transformed into (6.19). As for (6.18), an
easy g-calculation shows that its righthand side satisfies (6.9) when Z = 0 and
q replaced by ¢*/2. As shown by Fu [Fu06], identity (6.18) can also be directly
derived from (6.17) by a simple g-calculation. |

1— ¢ (@2 noi1 (24

T g 1)t even)

Now, let "V A, (q,Yy) := “B,(q, Yo, 0,0).Then
(6.20) ™ AL(g,Yo) = Z ¢ IYP™ (pix = pix™).
occ6,

Formula (1.7) specializes into

n

(6.21) Z u—i“VAn(q,YO) — (1 u )1((U§Q)oo _

= (@) C1-¢) (W)’

In view of (6.15) we conclude that
(6.22) An(q,Yo) = "™ An(g, o).

For each permutation ¢ = o(1)---o(n) let the ligne of route of o be de-
fined by Ligneo := {i : 0(i) > o(i + 1)} and the inverse ligne of route by

1

lligneo := Lignec~'. Notice that majo = ) ix(i € Ligneo); we also let

imajo := Y, ix(i € lligneo). Furthermore, let i: o — o~ If ® designates
the second fundamental transformation described in [Fo68], [FoSc78], it is
known that the bijection ¥ := i®i of G,, onto itself has the following property:

(Ligne, imaj)o = (Ligne, inv)¥ (o). Hence
(6.23) (pix, imaj)o = (pix, inv)¥ (o)
and then A, (g, Yo) has the other interpretation:

(624) An(q,YE)): Z qimajaYOpixa'
ceG,
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Finally, let K,(q) == >, cx, @™V . Then, with Y := 0 in (6.22) we have:
(625) Kn(‘]) = invAn(Q; 0) = An(‘]a 0) = Dn(q)

However, it can be shown directly that K,(q) is equal to the right-hand side
of (6.18), because the sum occurring in (6.18) reflects the geometry of the de-
sarrangements. The running term is nothing but the generating polynomial for
the desarrangements of order n whose leftmost trough is at position 2k by the

“inv”. The bijection ¥ also sends K,, onto itself, so that

(626) Z quVU — Z qimaja,

cEK, ceK,

number of inversions

a result obtained in this way by Désarménienand Wachs [DeWa90, 93], who also
proved that for every subset E C [n — 1] we have

(6.27) #{o € D, : Ligneo = E} = #{o € K,, : lligneo = E}.
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